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INTRO: PREMISE SELECTION

Premise selection is the task of identifying, from a library of potentially thousands of axioms, a small
subset necessary to prove a given conjecture.

Congratulations,\ ¢
it only took you
65299 seconds

ATP without premise selection ATP with premise selection



INTRO: HIGER-ORDER LOGIC (HOL) PROBLEMS

First-order: "Be confident."
Higher-order: "Be confident in your ability to become more confident.*
First-order: "Translate 'hello’ to 'bonjour'."

Higher-order: "Translate any instruction from English to French,
including the word 'translate’ itself."

First-order: “Do what Simon says"

999

Higher-order: “Do what Simon says when Simon says “Simon says....




PREMISE SELECTION IN HOL

Variables range over individuals (people, numbers,etc.)  Variables can range over FUNCTIONS(properties etc):
VP. P(agatha) — P(butler)

Predicates apply to individuals: Lambda abstraction:
hates (agatha, X) Ax.x + x (functions as data)
Functions return individuals: Partial application: hates(agatha) returns a function AY. hates(agatha,Y)

father_of (agatha)

Quantifiers only over individuals: Higher-order unification: Matching P(agatha) against hates(agatha,
VX. hates(agatha, X) butler) requires finding P = AX. hates(X, butler)
Simple Abstract Syntax Trees(AST) Richer AST
Eg: Ax: hates(agatha, X) Eg: N[ X:$i]: (@(@(hates, agatha), X))
hates A
/ \ |
agatha X X
|
@
[\
@ X
[\

agatha hates



CHALLENGES IN PREMISE SELECTION IN HOL

HOL
Challenge |:Variable Arity and Partial Application
hates(agatha, butler) hates(agatha), (hates(agatha))(butler), @ (@) (hates, agatha), butler)
Challenge 2: Lambda Abstractions (Anonymous functions)
None AX. X + X
Challenge 3: Rich Type system
Simple types (i, 0) Function types, Polymorphic types, Type variables and instantiation
Challenge 4: Many Node Types

Symbol, variable, operator Application (@), Lambda(”) , Type abstraction, Type application, implicit vs explicit
quantifications



RELATED WORKS

Technique Approach FOL HOL Type Key Limitation
12\/([)%1;(; e e ko, Symbol overlap heuristics v |X  |Heuristic Shallow, no structure
.. . : Heuristic
MaSh (Kiihlwein et al., 2013) |Naive Bayes + kNN ensemble v X Hand-crafted features only

SInE (Hoder & Voronkov,
2011)

Wang et al. (2017)

Least common symbol trigger (used in Heuristic

Vampire/E-prover)

Graph embeddings with shared symbol
nodes

Approximate, no types

First graph-based for HOL

Olgak et al. (2019)

Graph embeddings + property-
invariant hypergraph

Invariant to symbol renaming; focuses
on unseen Skolem symbols

ARCG-NN (Liu et al., 2021)

Cross-graph attention (conjecture <>

. GNN
axioms)

Better relevance encoding

Bansal et al. (2019)

GNN + sequence models (HOL Light) Hybrid

HOL4/HOL Light specific

Magnushammer (Mikuta et al.,
2024)

Contrastive transformer + InfoNCE

(SELECT+RERANK) Sequence

No explicit type structure, (types as ato
ms, not composed)

Paliwal et al. (2020)

Graph w/ types + binding GNN

Explicit HOL structure

QUILL (Kogkalidis et al.,
2024)

Structured attention + de Bruijn indices GNN

Dependent types (Agda), not THF




METHODOLOGY

—

Graph-based networks Sequence-based networks

What iS a
{ PROBLEM?

Problem:

conj,
ax | :4
Ax 2:7
Ax3:-2
Ax20 :9

Problem:
conj,
ax | to ax 2000




EXAMPLE: KNIGHTS AND KNAVES

A very special island is inhabited only by knights and knaves. Knights always tell the truth, and knaves always
lie. You meet two inhabitants: Zoey and Mel. Zoey tells you that Mel is a knave. Mel says, ‘Neither Zoey nor |
are knaves'.Who is a knight and who is a knave?

Conjecture:

AY Z. ((Y = knight) <~> (Y = knave)) A ((Z = knight) <~> (Z = knave)) A is_a(mel,Y) A is_a(zoey, Z)
axl: VX.is_a(X,islander) — (is_a(X, knight) V is_a(X, knave))
(Islanders are only knights or knaves)

ax2: VX.is_a(X, knight) — VA. (says(X,A) — A)
(Knights tell the truth)

ax3: VX.is_a(X, knave) — VA. (says(X,A) — -A)
(Knaves lie)

ax4: is_a(zoey, islander) A is_a(mel, islander)
(Zoey and Mel are islanders)

ax5: says(zoey, is_a(mel, knave))
(Zoey says Mel is a knave)

ax6: says(mel, 7(is_a(zoey, knave) V is_a(mel, knave)))
(Mel says "Neither Zoey nor | are knaves")




METHODOLOGY: GNN_VI

Problem (with too many ‘ * ‘ Problem (with few

axioms) Graph based networks relevant axioms)

Variable Operator
Nodes Nodes

Operator
Nodes

Olsak, Miroslav, Cezary Kaliszyk, and Josef Urban. "Property invariant embedding for automated
reasoning." arXiv preprint arXiv:1911.12073 (2019).



Load pt file Message
G N N \Y/ I igelny Build Graph Initialization Passi &
: assing
—_— vampire

. AST_OP
Symbol Variable nodes/clau Type Clause Edges
nodes nodes e nodes nodes
Symbol Nodes .
Y Variable Nodes Type Nodes

.‘ . @ ap 4oni o

types, sort_terms, symbols, formula_nodes, formula_roles



GNN vl

Symbol
nodes

( Variable |
nodes

[ AST OP

nodes/clause
Type nodes
Clause
nodes
Edges

op_al optl op_dz

op_alies

opnd op_aliesl
op_r1
op_aliesz
- A

op_alie52
op_avel

op_ave:

oP_aIiesl op_ave

opot



Clause Nodes

GNN vl

Symbol
nodes

Variable
nodes

AST_OP

nodes/clause

Type nodes

Clause
nodes

Edges




GNN_vI |

Symbol
nodes

Variable
nodes

»

ast_op — ast_op
ast_op — symbol

ast_op —
variable

ast_op — ast_op
symbol — ast_op

variable — ast_op

Clause Root

clause — ast_op
ast_op — clause
clause — symbol

symbol — clause

[P

Type
nodes

Clause
nodes

*|

» (= |

Cross-Clause Bridge

clause — symbol

symbol — clause

Type Edges

symbol — type
type — symbol
variable — type

type — variable

Type Structure

type — type
type — type
type — type
type — type




Building Heterogeneous Graph for PUZ081"1
Step 1: CLAUSE nodes

G N N_V I @ CLAUSE (axiom)

@ CLAUSE (conjecture)




Load pt file Build Graph

from vampire

GNN_ vl

GNN-v1: Message Propagation (PUZ08171) — Layer 1/6
Orange = active | Blue = passed | Reached: 1/36 nodes

z
3

Y

3

islander
knight
= mel
i + axl
« axd
3 @] < ax2
A
- zoey v axs 4 ax3 v
< axb knave
is a
says
A
@

Message

Initialization X
Passing

GNN-v1: 3D Message Propagation — Layer 1/6
Orange = active | Blue = passed | 1/36 nodes | Rotating

a D ~
S Q D © X
s =3
k = S,° Na
©) >
)
A &= NCp
©
$0




fLoad Pt ﬁ[e Build Graph Initialization Messgge “
rom vampire Passing
GNN vl

Message Propagation - Layer 1/6

al paga
Nodes with information: 1/7008

T

Graph of the training New Test Graph for
dataset the test set....
Fixed Trainig Graph Fixed Graph Structure
SN Frozen weights
(random)
Training Embeddings Inference Embeddings
Loss & Gradients Predictions
Loss Functi Precision=TP/(TP+FP) -
e o (B s (A Recall =TP/ (TP + FN)
-Binary Cross EntropylLoss (ECE) Accuracy =Accuracy = (TP +TN) / (TP +TN + FP + FN)

2.Focal Loss F-score = 2 X (Precision % Recall) / (Precision + Recall)

Lin, Tsung-Yi, et al. "Focal loss for dense object detection." Proceedings of the IEEE international
conference on computer vision. 2017.



IMPROVING GNN-VI

Parameter Optimization Architecture details

* Too many edges and too * Number of layers, * Pre and postprocessing
many nodes Embedding size etc steps

y 0 U
GNN_ V2 GNN_VI-NoVocab

Input Representation / :

GNN-vI Sa:_zph 5-type graph — Init 6 x SAGEConv — Score  Focal Loss
Graph .

GNN-vI data 5-type graph — Init 6 x SAGEConv GNN_V1_NoVocab Score  Focal Loss

GNN-v2 Graph 3-type graph + 5D edge 6 x GATv2Conv Attention mechanism Score  Focal Loss

data features — Init



METHODOLOGY: GNN_V2

Problem (with too many
axioms)

GNN_V|

‘ * ‘ Problem (with few

relevant axioms)

Graph based networks

Term Nodes

*Symbol
*Type
*Variable

Operator
Nodes

w\

Operator Clause
Nodes Nodes

GNN_V2



Clause nodes

Term nodes
(symbol,
variable, type)

Operator
nodes

Edges with 5D
edge Features

Node Type: CLAUSE (axioms & conjecture)

‘3v,z



GNN_v2

Clause nodes

Operator
nodes

Edges with 5D
edge Features

{ Term nodes }
(symbol,
variable, type)

/.
¢¢¢¢¢



GNN_v2

Vs

Clause nodes

~N

s

.

Term nodes
(symbol,
variable, type)

~N

J

Operator
nodes
Edges with
5D edge
Features

Node Type: OPERATOR (AST ops: A, v, -, 0, V, 3)

O,

O O

\‘_//

O 6

knigh‘

O®
©

)



GNN_v2

( ) 2 Ed“w(:.s:r“'”'op binary ops)
op_to_term { * operator — term —— S
Clause nodes
Op_to_op { operator — operator

‘ rev_op_to_term
e term — operator

4 )

Term nodes
(symbol, rev_op_to_op < operator — operator

variable, type)

¥

.

clause_root clause — operator

Edge Type: clause_sym
Clause « Term (cross-clause symbol sharing)
64 edges

. .  rev_clause_root

operator — clause

Operator
nodes

¥

clause_root clause — term

rev_clause_ root term — clause

clause_sym clause — term

term — clause

AANANANANAS

rev_clause sym




GNN v2 Graph Construction
G N N V2 Step 1: CLAUSE nodes

@ CLAUSE (axiom)
@ CLAUSE (conjecture)

-




GNN-v2: 3D Attention-Guided Propagation — Layer 1/6

GNN-v2: Attention-Guided Propagation (PUZ081~1) — Layer 1/6 Orange = active | Blue = passed | 1/34 nodes | Rotating
Orange = active | Blue = passed | Reached: 1/34 nodes

@
=2 3
+ ax5
s ax6 - O
mel knight X s ax2 E
]
ey = ! ? = X
- A € GD
7 axl z IE'
< axd & B %
0 o
islander ) D D
is_a E D [:I




Improving GNIN_v2

Parameter Optimization Architecture details

* try a totally new design * Number of layers, Embedding size etc * Pre and postprocessing steps

Representatlon /

GNN_VI Graph data 5-type graph — Init 6 x SAGEConv - Score Focal Loss

GNN_VI_NoVocab Graph data 5-type graph — Init 6 x SAGEConv GNN_V1_NoVocab Score Focal Loss

3-type graph + 5D edge

) 6 X GATv2Conv Attention mechanism Score Focal Loss
features — Init

GNN_V2 Graph data

3-type graph + 5D edge

) 6 X GATv2Conv  Attention mechanism Score Focal Loss
features — Init

GNN_V2_NoVocab Graph data



Transformer

(| » [

. . njecture-

Cross-clause self- Attention weight Conj ~ctu

. . Conditioned
attention matrix

Scoring
Tokenization - ox

ax2 (axiom)

- ) ) “ - ) ) m

ax4 (axiom)

- - _

ax6 (axiom)

Transformer Encoder

Conjecture l

fof [ o] el | P o] Pk

ax3 (axiom)

o ) ) . . . ﬁ

ax5 (axiom)

clause
(138-cliom)

Each clause -> single 128-dim embedding



Transformer

; . Conjecture-
o Per_ clause formula Cross-clause self- Attention weight I=C

Tokenization - , : , Conditioned
encoding attention matrix .

Scoring
h1 h2 h3 he . - h_con h_ax
Orange = actve | Blue - pasted | Reached: 1/ nodas (conjecture) faxiom)
+ Positional Encoding . &

h_ax * h_conj

4 ax2

7 ax4 l

7 ax5 Cﬂl‘ltﬂt
[384-dim]

|

MLP
s = 3 layers

hl' h2' h3' ha' -

* conj

4 ax3

Multi-Head
Self-Attention (4 heads) Daxs

Oax7?

logit

Each clause attends to ALL clauses
-> Global context integration

logit = @ -2 redevant | logit < @ - irrelevant



Transformer: Self-Attention VWeight Matrix

Cross-Clause Attention Matrix

(Based on symbol overlap + conjecture bias) 0.29

0.30 A

0.27

0.25 A
g -
sl c
i =)
2 U 0.20 A
S = =
5 g 5

[41]

= = B
© p c
Q e =
il s < 0.15
© e ()
O < g
[«D]
3 g
= <
[e]
(2]

0.10 ~

- 0.1

. 0.05 A
Conjecture -

0.0 0.00 -

Target Clause (attending to)




Improve it! IMPROVE IT?

Parameter Optimization Architecture details

 Type information is lost * Number of layers, Embedding size * Pre and postprocessing steps

etc

. . w/o Positional Encoding,
Contrastive Transformer Many variants &
Typed Transformer
Input (.pt) Representation / Core Layers Special Components Loss
put {-p Preprocessing 4 P P

Linearize — Token Formula Encoder + 4 X Pooling / Transformer
Transformer  Token data . .

Embedding Cross-Attention encoder

Typed_ Linearize — Token Formula Encoder + 4 X Pooling / Transformer
Transformer Embedding Cross-Attention encoder

Transformer_w/o L Formula Encoder w/o ,
. Linearize — Token o . Pooling / Transformer
Positional Token data . Positional encoding + 4 x

Embedding encoder

Encoding Cross-Attention

Multi-hot + BM25 (4) — 2 x Cross-Attention + 4 Axiom — Conjecture

Contrastive Feature data . i i
Projection x Self-Attention alignment

Score

Score

Score

Dual
Score

Focal Loss +
InfoNCE



Contrastive Transformer

( \ 4 ) 4 \ ( )\ 4 \
. . Conjecture-
o Per_ clause formula Cross-clause self- Attention weight J=c
Tokenization - . : . Conditioned
encoding attention matrix .
Scoring (Focal Loss)
\ J . J/ . J \ J . J
( ) ( \ ( ) ( ) ( )
Multi-hot vector Conjecture Cross-clause self- Attention weight ConEaiEs
encodin Conditioned encodin attention matrix Clemlifielics) Seeii
g g (Focal Loss + InfoNCE)
| J & J . J/ \_ J " J

axl ax2 ax3 conj X i = h_conj

Input: Multi-hot
[vocab_size=50,000]
- - ™ = \M

Multi-Head Self-Attention

(4 layers, 4 heads)
Multi-hgf vector Cross-Attention

(axiom -> conjecture)
[1,1,0.,0,0,...] Linear Projection
(50,000 -> 256)

| | |

Gate + Add + Norm

BM25 Features [4] lg_scsI?;isr:J = — |
[akcard, log_shared, ax_cov, conj_cpv] " - " con
h1* h2* h3' h_conj

+ Role embedding (axiom vs conjecture)
+ Paositional Encoding + Residual + FFN
Each axiom attends to conjecture BEFORE seif-attention

Mikuta, Maciej, et al. "Magnushammer: A transformer-based approach to premise selection." International
Conference on Learning Representations. Vol. 2024. 2024.



Contrastive Transformer

Multi-Hot Symbol Vectors for PUZ081 "1 Clauses
(Input to Contrastive Model)

Conjecture

é”:\ & 4 4 o2 @“& ‘s?_p Qba«

Stage 1: Conjecture-Conditioned Encoding
Each axiom attends to conjecture via Cross-Attention

Attention weight
matrix

A 4

Conijecture-
Conditioned Scoring
(Focal Loss + InfoNCE)

Cross-Attention Weight
(Axiom — Conjecture)

o
'S

N )

ax2

axl

ax3 ax4
Axiom Clause

ax5 ax6

0.8

0.6

= symbol appears)

e
=

Presence (1

0.2

0.0

10

Effect of BM25 Overlap Features
Explicit signal improves relevant clause ranking

0.8 4

Relevance Score

-=-- Selection Threshold
[0 Without BM25 Features
= With BM25 Features

axl ax2 ax3 axd ax5

Axiom Clause

axb

Conjecture-Conditioned Encoding (ARCG-NN style)

Conjecture
Embedding

Cross-Attention: Q = Axiom, K/V = Conjecture
Each axiom's representation is conditioned on the conjecture



Contrastive Transformer

. . . . Conjecture-
Multi-hot vector Conjecture Cross-clause self- Attention weight on) .
encodin Conditioned encodin attention matrix Conditioned Scoring
g g (Focal Loss + InfoNCE)
(Conjecture conditions all axioms) (After conjecture conditioning)
axl - ax1l ] 0.07 0.07 0.07
0.6 0.40
ax2 - ax2 A 0.35
0.5
ax3 - ax3 - 0.30
-
_ 045 £
~ 2 = 0.25 £
b ax4 = b ax4 - é
3 c =2
o =] © &
o 038 T - 020
> L > q
o ax5 A < o ax5 4 £
=] wn 3 [}
o 2o F0.15 ¢
- 0.2 5 v
ax6 - ax6 L 0.10
- 0.1
ax7 ax7 - - 0.05
—L 0.0 —- 0.00
conj A conj A
~ ™ © A O b © A N
& & & B + 3" = & e r & 3" e C 3" o
Key (clause j) Key (clause j)

CROSS ATTENTION: AXIOM TO CONJECTURE
SELF ATTENTION ON ALL AXIOMS




Score

BM25 Overlap Features per Axiom
(higher = more relevant)

1.0

0.8 1

0.6 -

0.4 1

0.2 1

0.0 -

B Jaccard
0 LogCount
. AxCov
s ConjCov




Improve it? IMPROVE IT?

Parameter Optimization Architecture details

* Future work * Number of layers, Embedding size * Pre and postprocessing steps
etc

Model Input (.pt) Representation / Core Layers Special Components Output Loss
puti.p Preprocessing y P P P

w/o Positional Encoding,

Typed Transformer

Contrastive Feature data Multi-hot + BM25 (4) 2 x Cross-Attention +4 X Axiom — Conjecture Dual Score Focal Loss +
— Projection Self-Attention alignment InfoNCE

Tvoed Contrastive Multi-hot + BM25 (4) 2 x Cross-Attention + 4 X Axiom — Conjecture Dual Score Focal Loss +
ypea_ — Projection Self-Attention alignment InfoNCE

Contrastive No Feature data Multi-hot + BM25 (4) Axiom — Conjecture Dual Score Focal Loss +
Positional Encoding — Projection alignment InfoNCE




EXPERIMENTS

Two strategies:

Best X axioms (best 10,20, 50,100, 250,
512(baseline)

All axioms above Logit Score X (min 0.5,0.0,
-0.5,-1.0,-2.0,-3.0,-5.0

T-Time (Is, 10s)

Dataset:

Training: 26,000 problems from Isabelle
(80/20 train/val split)

Testing : 8900 holdout problems

Model

e Baseline (MePo)
*  GNN_VI
* GNN_V1_NoVocab

e  GNN-V2
* GNN_V2 NoVocab

*  Transformer
* TypedTransformer
*  Transformer_NoPE

e Contrastive
* Typed Contrastive Transformer
* Contrastive Transformer NoPE




Problems solved

4,500 A

4,000 -

3,500 ~

3,000 7

2,500 ~

INITIAL RESULTS (T=15)

=@~ Baseline
=@- Contrastive

-@- GNN V1
== GNN v2
== Transformer

Problems Solved — best-k selection

Problems Solved — min-score threshold

best20

best50 best100
Budget (k = number of premises selected)

mmm Baseline mmm Transformer
B Contrastive  EEE GNN v2
IEE GNN vl
4,474
4,000 Ao
3,000 A
Rel
9]
>
©
(72}
(%2}
£
9]
2
& 2,000 4
1,000 A
T O -
in0.0 min-1.0 min-3.0
best250 min . . .
Min-score threshold (stricter - fewer premises selected)

min-5.0



Problems solved

5,000 4

4,500 -

4,000 -

3,500 A

3,000 4

2,500 4

2,000 A

INITIAL RESULTS (T=10 S)

Problems Solved — best-k selection [full model set]

A 40955

GNN v2 (noVocab)
=gr= GNN v2

GNN v1 (noVocab) =@~ Contrastive
+#¢ Typed Transformer ~ -i Contrastive (noPE)

-l Typed Contrastive
Transformer (noPE)

== Transformer =@- Baseline

-@- GNNv1

best20

best50 best100
Budget (k = number of premises selected)

best250

Problems solved

Problems Solved — min-score threshold [full model set]

5,000 A
JH 4,605
4,500 A .
4,389
428
4,000 A
3,500 A
3,000 A
2,500 A
2,000 A
1,500 A
GNN v2 (noVocab) -l Typed Contrastive
== GNN v2 Transformer (noPE)
~¢> GNN v1 (noVocab) =@- Contrastive
1,000 A e =4k Typed Transformer -~ Contrastive (noPE)
L =~ Transformer =@~ Baseline
-®- GNN V1
min0.0 min-1.0 min-3.0 min-5.0 min-20.0

Min-score threshold (stricter » fewer premises)



INITIAL RESULTS (T=10 S)

Total Union Coverage + Best Single Strategy Score

min-3.0
GNN v2 (noVocab) - : 0O 5,642
: min-5.0
min-3.0
GNN v1 (noVocab) () 5,442
best250
Typed Transformer @) 5,253
best250
Transformer @) 5,241
. min-20.0
GNN v1 @) 5,178
best250
Typed Contrastive @) 5,141
: min-20.0
Transformer (noPE) - ® 5,059
best250
: min-20.0
Contrastive (noPE) - U 1 Total union cover (bar)
@ Best single strategy score (dot)
TBaselie = 3,952

1,000 2,000 3,000 4,000 5,000
Problems solved

o



RESULTS (T=10 S, GREEDY COVER)

Typed Transformer

Transformer

GNN v1

Typed Contrastive A

Transformer (noPE) A

Contrastive -

Contrastive (noPE) 1

Baseline

Score Matrix: every model x strategy combination
bestk -~  Bold with white border = contributed new problems to ens&mbl&hold

2,338

2,162

2,364

best20 best50 best100 best250 min0.0 min-1.0 min-3.0 min-5.0 min-20.0

4,500

4,000

3,500

3,000

- 2,500

r 2,000

r 1,500

r 1,000

Problems solved



< RESULTS (T=10 S, GREEDY COVER) >

MODEL VARIANT SCORE +NEW +% TOTAL COVER%

gnn_v2 novocab min-3.0 4997 4997 — 4997 55.65%
gnn_v2 novocab best250 4837 333 6.66% 5330 59.35%
gnn_v2 best50 4640 158  2.96% 5488 61.11%
transformer best250 4645 78 1.42% 5566 61.98%
gnn_v2 best100 4956 57 1.02% 5623 62.62%
gnn_v2 novocab min-1.0 4063 45 0.80% 5668 63.12%
gnn_vl novocab best100 4460 32 0.56% 5700 63.47%
gnn_vl min-20.0 4282 26 0.46% 5726 63.76%
transformer best50 3651 21 0.37% 5747 64.00%

gnn_v2 min-5.0 4968 19 0.33% 5766 64.21%



CONCLUSION & FUTURE WORK

Premise Selection is a Promising direction towards Problems Solved — best-k selection [full model set]
solving more HOL problems faster.
Our models are also promising but they could be better.
WORK W PROGRESS ]
I.(I;NNVI -

Budget (k = number of premises selected)
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